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Abst rac t - - In  this paper, a necessary and sufficient condition for oscillation of a first-order delay 
differential equation with impulses 
x'(t)  + 3-:~ p~x (t - rd  = 0, t # t~, 
i=1  
x(t+)-x(tk) =bk~(t~) ,  k = 1,2 . . . .  
is established. 
(,) 
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1. INTRODUCTION 
The theory of differential equations with impulses is emerging as an important area of investiga- 
tion, since it is much richer than the corresponding theory of differential equations. Moreover, 
such equations represent a natural framework for mathematical modeling of several real world 
phenomena. There exists a well-developed oscillation theory of delay differential equations [1-3]. 
The theory of ordinary differential equations with impulses has also been developed extensively 
over the past few years [4]. However, delay differential equations with impulses eem to have 
rarely been considered with respect o the oscillation of their solutions or the stability of their 
steady states [5,6]. 
It has been known (see [1,3]) that a necessary and sufficient condition for oscillation of all 
solutions of the delay differential equation 
n 
x'(t) + EP iX  (t - ~-i) = 0 (1) 
i=1 
is that its characteristic equation 
n 
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has no real roots. In this paper, for the delay differential equation with impulses 
7~ 
x'(t) + ~p ix  (t - ~) = o, t # tk, 
i=1 (3) 
x( t  +) -x ( tk )=bkz( tk ) ,  k= l ,2  . . . .  , 
we obtain as a necessary and sufficient condition for the oscillation of all its solutions that  its 
"characteristic equation" 
n 
F(:~) e ~ + ~p~,e  -~', = o (a) 
i=.l 
has no real roots, where ( and ai are constants defined by (5) below. 
Consider equation (3), where Pi > 0 for i = 1 ,2 , . . . ,n ;  0 < T1 < 7-2 < " "  < rn, 0 < tl < 
t2 < "'" < tk < " " ,  t~rntk = oo, and bk E R for k = 1 ,2 , . . . .  We assume that  the following 
conditions (C) are satisfied. 
(a) For the case of n = 1, there exists a positive integer m such that  for j = 1, 2 , . . . ,m;  
k -- 1 ,2 , . . . ,  
tkrn+j = t j  + kT1, and bkm+j = bj. 
(b) For the case n > 1, the quotients 7~/T1 axe rational numbers for i = 2, 3 , . . . ,  n, that  is, 
there exist positive integers qi and ri which are coprime such that  
7~ q~ 
T1 r i  ' 
and there exists a positive integer m such that for j = 1, 2 , . . . ,  m; k = 1, 2 , . . . ,  
tkm+j = t j  + kT  and bkm+j = by, 
where T = 7-1/r and r is the least common multiple of r l ,  r2 , . . . ,  rn. 
For ~r > tl +T~, a function x : [a--Tn, 00) ---+ R is said to be a solution of (3), if it is left continuous 
on [~ - ~-,~, oo), and is differentiable on [~r, oo)\{tk} and satisfies (3). 
As is customary, we shall say that  a nontrivial solution of (3) is nonoscil latory if it is eventually 
positive or eventually negative, and otherwise it will be called oscillatory. 
We define 
rn rn 
= , c~i = - - ,  for i = 1 ,2 , . . . ,n ,  (5) 
k=l  k=l  ri 
where b~- = max{0, bk}, r, r~, and q~ are defined in conditions (C). It is obvious that  a~ are 
positive integers such that  Ti = a iT  for i = 1, 2 , . . . ,  n. 
2.  MAIN  RESULTS 
Initially, we give some useful lemmas. The first lemma is an immediate conclusion from con- 
ditions (C). 
LEMMA 1. Assume that conditions (C) hold. Then, for any t >_ tl + Tn, 
H (1 + bk) = ~ '  (6) 
t-r~<t~<t 
and 
H (1 + b~+) _- ~, .  (7) 
t-~-~_<t~ <t  
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LEMMA 2. Assume that x : [a - rn, OO) --~ R is a positive function such that 
z'(t) < o, 
x (t~ +) - x (tk) = bkx (a ) ,  
Then, for any a < t. < t* < oc, 
t>a ,  t - f tk ,  
(s) 
k=1,2 , . . . .  
and 
x (t*) < x (t.) l - I  (1 + bk), (9) 
t .<_tk<t* 
x (t.) + E bkx (tk) < z (t.) 1-I (1 + b+), (10) 
t .~_tk<t* t .  <_tk<t* 
inf x(t) > x (t*) 1-I (1 + b +)-1. (11) 
t .<t<t*  
t .  <tk < t* 
PROOF. From (8), we know that x(t) is decreasing on every subinterval (tk,tk+l] of [o, oo). 
Suppose that t j, t j+], . . . ,  tl are all of the impulse points situated in ft., t*), that is 
t. ~_ tj < tj+l < "" < tl < t* <_ tl+l. 
Thus, we have 
and 
Hence, 
x (t.) > x (tj) = (1 + by) -1 x ( t+),  
x( t  +) > x ( t j+ l )=(1  +bj+l ) - lx ( t~+l) ,  
x (t+_l) > x (t~) = (1 + bt) -1 x ( t+),  
l 
(i) x(t*) < x(t,) [I (1 + bk) = x(t.) 
k=j  
(ii) for k=j , j+ l , . . . , l ,  
(t~ +) > • ( t * )  
Furthermore, 
1--[ (1 + bk); 
t .  <_tk < t* 
k k 
x (tk) _~ x (%) E (1 + bi) _~ x (t.) E (1 + b+). 
i= j  i= j  
t.<_t~<t* 
(iii) Fork=j , j+ l  . . . .  ,l, 
l k 
bkx(tk) <_ x(t . )  + ~ b + E (1 + b:) x(t . )  
k=j  i=3 
l 
= x (t,) E (1 +b~-) 
k=j 
= x( t . )E  ( 1 4-b+)" 
t .<tk<t*  
l l 
x (t~) >>_ x(t*) H (1 + bk) -1 _> x (t*) H (1+ b +) -1 .  
~=k i=k  
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PROOF. To prove (b)=a(a), assume that A0 is a real root of (4) and define 
x(t) = H ( l+bk)e  ;~°t, for t >t , .  (17) 
t~ <_tk < t 
It is obvious that x(t) is left continuous on [tl, oo) and is differentiable on (tl + 7-~, oc)\{tk}. 
Furthermore, for t > tl + r~ and t ¢ tk, 
x'(t)+kP~x(t-Ti)=&° 1-I ( l+bk)ex° t+kP~ H (l+bk)e~'°(t ) ..... 
i=1 tl<_tk<t /=1 tl<_tk<t r, 
= I I  ( l+bk/~ ~o~ X0+Zp~ I I  (~+V.) -1~-~°'' 
t~<tk<t i=1 t-~-~<tk<t 
-ozi -Ao:-i 
tl<_tk<t i=1 J 
=0,  
and for tk _> tl q- 7n, 
Thus, x(t) is a positive solution of (3). 
To prove (a)~(b) ,  without loss of generality, assume that x(t) is an eventually positive solution 
of (3). So there exists cr > tl + 7-,z such that x(t) > 0 for t > a - 7-~. Set 
A = {A > 0 : S(t) + Ax(t) < 0 eventually for t ¢ tk}. 
From (3) and Lemma 2, we have 
x ' ( t )+p i  H ( l+bk)  - tx( t )  <0,  for t>a+Tn and t #tk .  
t--~i <_tk <t 
Thus, pi~-~' = Pi 1-I (1 -1- bk) -1 E A. Also from Lemma 3, we get 
t-~-i<tk<t 
o = x'(t) + )___£ ;~x (t - ~) 
i=1 
<_x'(t)+ pi x(t), for t  >a+3o 7-i' tC tk .  
J Li=I 
Therefore, n ai 2 ~'~4=1 pi(2r] ~PiP'i) is an upper bound for A. Since A is nonempty and bounded, we 
may set A0 = sup A. 
Let A C A be given and define y on [a - Tn, o~) by y(t) = x(t)e ~t. Then, there is a suitable 
T~ c (a, ec) such that 
~/(t )  = (x l ( t )  4- /~X(t)) e At < O, for t > Ta and t ¢ tk. 
On the other hand, 
So by Lemma 2, we know 
y ( t : )  - y (tk) = bky (t~),  for tk > T~. 
y (t - ~'~) > y(t) Y I  (1 + bk) -1  = ~-~'y(t), 
t - r ,  <_tk < t 
for t > T:~ + Tn. 
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Hence, for t > T)~ + rn and t 7~ tk, 
o = z ' ( t )  + 
n 
Ep ix ( t -  ri) 
i=1 
n 
= x'(t) + ~;~y (t - ~) e -~ ' - ' )  
~=1 Os) 
n 
-a  )~(t-~'i) > ~'(t) + ~;~ ,y(t)~ 
i----1 
= x'(t) + ~_,p~-~'e~'~x(t) .  
i----1 
This shows that ~=lP~n • -~'e ~ E A, and hence, v 'n  ,~.~-a, ox,~ < A0. Since )~ E A is arbitrary, A-a i~ 1 F~ ~ _ 
we conclude that 
n 
ZP i~ -~'e~°r~ <~ ~0. 
i=1 
n Therefore, F(-A0) = -A0 + ~=lpi~-a~e a°~ <_ O. Noticing that F(+oo) = +¢x), we know 
that (4) has a real root. The proof of the theorem is complete. 
REMARK. If conditions (C) hold, from the theorem we know that a necessary and sufficient 
condition for oscillation of all solutions of (3) is that the characteristic equation (4) has no real 
roots. 
From the theorem and [2, Theorem 2.2.1], we can immediately obtain the following result. 
COROLLARY 1. Assume that conditions (C) hold. Then each of the following conditions is 
sufficient for the oscillation of all solutions of (3): 
(a) 
n 
(b) n ) 
Similarly, from the theorem and in /2, Theorem 2.1.1], we immediately obtain the following 
result. 
COROLLARY 2. Assume that conditions (C) hold. Then, 
is a su~cient condition for the existence of a nonoscillatory solution of (3). 
Finally, consider the delay differential equation with impulses 
x'(t)  + px( t  - ~-) = o, t # tk, 
(20) 
~(t +) - x(t~) = b~(tk), k = 1, 2 , . . . ,  
which is the special case of (3). Thus by the theorem, we obtain the following result. 
COROLLARY 3. Assume that 
p>0,  r>0,  b>- l ,  t0>0,  and tk=to+k~',  fo rk=l ,2 , . . . .  (21) 
Then a necessary and sufficient condition for the existence of a nonoscillatory solution of (20) is 
pTe <_ b + 1. (22) 
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